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ABSTRACT
The Euclidean Minimum Spanning Tree problem has appli-
cations in a wide range of fields, and many efficient algo-
rithms have been developed to solve it. We present a new,
fast, general EMST algorithm, motivated by the clustering
and analysis of astronomical data. Large-scale astronomical
surveys, including the Sloan Digital Sky Survey, and large
simulations of the early universe, such as the Millennium
Simulation, can contain millions of points and fill terabytes
of storage. Traditional EMST methods scale quadratically,
and more advanced methods lack rigorous runtime guaran-
tees. We present a new dual-tree algorithm for efficiently
computing the EMST, use adaptive algorithm analysis to
prove the tightest (and possibly optimal) runtime bound for
the EMST problem to-date, and demonstrate the scalability
of our method on astronomical data sets.

Categories and Subject Descriptors
F.2.0 [Analysis of Algorithms and Problem Complex-
ity]: General; I.5.3 [Clustering]: Algorithms

General Terms
Algorithms, Theory

Keywords
Adaptive Algorithm Analysis, Euclidean Minimum Span-
ning Trees

1. INTRODUCTION
We present a new algorithm for the fundamental and widely

applied Euclidean Minimum Spanning Tree (EMST) prob-
lem. Given a set of points S in R

d, our goal is to find
the lowest weight spanning tree in the complete graph on S
with edge weights given by the Euclidean distances between
points. With references in the literature as early as 1926, the
MST problem is one of the oldest and most thoroughly stud-
ied problems in computational geometry [36]. In addition to
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this long-standing theoretical and algorithmic interest, the
MST is useful for many practical data analysis problems.
Many optimization problems can be posed as the search for
the MST in a network [36]. The MST is also used as an
approximation for the traveling salesman problem [24], in
document clustering [48], analysis of gene expression data
[15], wireless network connectivity [46], percolation analyses
[8], and modeling of turbulent flows [44], among other areas.
These problems are commonly solved in the Euclidean set-
ting. In this case, the computational bottleneck in both tra-
ditional MST algorithms like Kruskal’s [28] and Prim’s [37]
and more advanced methods is finding the nearest neigh-
bor of components in a spanning forest. We propose a new
method to overcome this obstacle and demonstrate its the-
oretical and experimental superiority.

In particular, we are interested in using the EMST to
compute hierarchical clusterings [20, 53]. One such cluster-
ing is obtained by deleting all edges longer than a specified
cutoff in the MST, generating a clustering through the re-
maining connected components. By varying the scale of the
cutoff, this generates a hierarchical clustering. In the clus-
tering literature, this is often referred to as a single-linkage
clustering and is frequently represented by a dendrogram.
While the single-linkage clustering is very simple and can
be sub-optimal for many applications, it can form the basis
of more insightful clusterings. The single linkage clustering
can be pruned to obtain more useful astronomical results
[4]. MST’s also form the inner loop for methods to identify
non-parametric clusters in noisy data [49]. Furthermore,
theoretically optimal clusterings can be obtained efficiently
from the single-linkage clustering [3].

In astronomy, EMST-based clustering is used to analyze
deep-space surveys and simulations of the early universe.
Each level of single-linkage clustering is known as a friend-
of-friends clustering [40, 2]. The EMST is used to identify
dark matter haloes in simulations, which are believed to be
crucial to galaxy formation [29]. Clustering is also applied
to sky surveys to identify the super-large scale structure of
the universe, which sheds light on the conditions of the early
universe and the mechanisms of galaxy formation [4].

The volume of data produced in the astronomy commu-
nity has grown explosively in recent years. Recent large
surveys include the Las Campanas Redshift Survey (26,418
objects) [42], the 6dF Galaxy Survey (125,071 galaxies) [25],
the 2dF Galaxy Redshift Survey (382,323 objects) [13], and
the Sloan Digital Sky Survey (over 230 million objects) [52].
In addition, our understanding of cosmology has benefit-
ted from large-scale simulations of the formation of galaxies
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and conditions in the early universe. For example, the Mil-
lennium Simulation [43] contains over 1 billion points and
produces terabytes of output. The analysis of the current
structure of the universe as revealed in the large sky surveys
and comparison to the predictions of theories in simulations
are the keys to understanding the origins of the cosmos and
validating new models, including verification of dark mat-
ter and dark energy. This in turn requires the ability to
compute minimum spanning trees quickly and accurately
for very large data from a variety of distributions.

Adaptive Analysis. Traditional approaches to algo-
rithm analysis use the running time for the worst possible
input as an upper bound for the running time of all in-
stances. This often leads to overly pessimistic bounds due
to a few pathological inputs. Adaptive analysis seeks to
improve these results by considering properties of the in-
puts in the analysis. By bounding the runtime in terms of
these properties, one can obtain tighter and more informa-
tive bounds. Adaptive analysis has been successfully applied
to many fundamental problems including searching in lists
[6], merging arrays [14], sorting [16], and the convex hull
problem [27]. Despite these successes, the difficulty of char-
acterizing the inputs in relation to the problem has limited
the number of applications.

Our Contribution. We present a new Euclidean mini-
mum spanning tree algorithm, DualTreeBoruvka. Using
the dual-tree algorithmic framework [22], we can efficiently
compute the shortest edge between components in a span-
ning forest, thus overcoming the bottleneck of most EMST
methods. We show:

• The first application of adaptive algorithm anal-
ysis to the EMST problem in order to achieve
tighter and more precise runtime bounds to-date.

• The asymptotically fastest EMST runtime:

O(N log N α(N)) ≈ O(N log N)

where α(N) is related to the functional inverse of Ack-
ermann’s function and α(1080) ≤ 4. Our analysis, un-
like some previous work, accounts for complexity of
tracking connected components in a partial MST and
reduces the difference between upper and lower bounds
to a factor of α(N).

• The fastest experimental results compared to the
previous state-of-the art, the GeoMST2 algorithm [31]
and Bentley and Friedman’s kd-tree-based method [5],
on a range of synthetic and natural data sets, including
both high- and low-dimensional data and data from
astronomical surveys and simulations.

Paper Outline. We review MST algorithms, both gen-
eral and Euclidean, and their runtime bounds in section 2.
In section 3, we define certain inherent properties of a dataset
that are necessary to characterize the difficulty of computing
the MST. In section 4, we describe the DualTreeBoru-

vka algorithm and bound the running time of the cover-
tree-based version in section 5. In section 6, we compare
our algorithm to several competing methods with empirical
timings for synthetic data and astronomical surveys, and we
conclude in section 7.

2. RELATED WORK
Many MST algorithms rely on Tarjan’s blue rule [45],

which says the minimum weight edge across any edge cut
is in the minimum spanning tree. This allows us to greedily
form cuts in the graph and add the minimum weight edge
across each. Algorithms using this rule include Kruskal’s [28]
and Prim’s [37], which require O(m log n) and O(m+n log n)
time, respectively, on a graph with n points and m edges.
Both algorithms maintain one or more components in span-
ning forest and use the cut between one component of the
forest and the rest of the graph, adding the edges found in
this way one at a time.

Boruvka’s Algorithm. In this work, we focus on the
earliest known minimum spanning tree algorithm, Bor̊uvka’s
algorithm, which dates from 1926. See [32] for a transla-
tion and commentary on Boruvka’s original papers. As in
Kruskal’s algorithm, a minimum spanning forest is main-
tained throughout the algorithm. Kruskal’s algorithm adds
the minimum weight edge between any two components of
the forest at each step, thus requiring N − 1 steps to com-
plete. Bor̊uvka’s algorithm finds the minimum weight edge
incident with each component, and adds all such edges, thus
requiring at most log N steps and a total running time of
O(m log n). We define the nearest neighbor pair of a com-
ponent C as the pair of points q ∈ C, r �∈ C that minimizes
d(q, r). Finding the nearest neighbor pair for each compo-
nent and adding the edges (p, q) to the forest is called a
Boruvka step. Boruvka’s algorithm then consists of forming
an initial spanning forest with each point as a component
and iteratively applying Boruvka steps until all components
are joined.

General MST Algorithms. More recently, sophisti-
cated algorithms have been developed for the MST problem
on general graphs. Fredman & Tarjan [17] showed a bound
of O(m log∗ n), which was soon improved to O(m log log∗ m)
[19]. Yao further improved the bound to O(m log log n) [50].
Chazelle showed O(mα log α), where α(m, n) is a functional
inverse of Ackermann’s function [11]. Chazelle [12] and Pet-
tie [34] improved this to O(mα). The current tightest bound,
due to Pettie & Ramachandran [35] in 2002, is O(T ∗(m,n)),
where T ∗ is bounded from below by Ω(m) and above by
O(m · α). All these general algorithms are insufficient for
large, metric problems because they depend linearly on the
number of edges. In the Euclidean case, the edge set con-
sists of all pairs of points. Therefore, linear scaling in m
corresponds to quadratic scaling in the number of points,
and thus we need to consider other approaches.

Euclidean MST Algorithms. Shamos & Hoey [41] ap-
plied the Voronoi diagram to constructing the MST in the
Euclidean plane. The Voronoi diagram can be constructed
in O(N log N) time for N points and contains O(N) edges.
Since the MST is a subset of the edges in the dual of the
Voronoi diagram, the MST can be found in O(N log N) time
using one of the algorithms above. This bound worsens to
O(N2 log N) in three or more dimensions, fundamentally
limiting this method to two dimensional cases. Preparata
and Shamos [36] give a lower bound for the EMST problem
of Ω(N log N), which is the tightest known lower bound.

Bentley and Friedman [5] developed an EMST algorithm
using kd-tree-based nearest neighbor searches to find the
next edge to add in Prim’s algorithm. While their method
lacks a formally rigorous bound, they estimate that it re-
quires O(N log N) time for most distributions of points. An

604



alternate implementation of this approach is given in [33]. In

1982, Yao gave a bound of O(N2−a(k)(log N)1−a(k)) where

a(k) = 2−(k+1) for points in a k-dimensional metric space,
along with a O((N log N)1.8) bound for points in three di-
mensions [51]. Agarwal et al. (1991) related the running
time to the bichromatic closest pair (BCP) problem. Given
a set of red and a set of blue points, the bichromatic closest
pair is the red point r and blue point b such that d(r, b) is
minimized. They showed a bound of O(Fd(N, N) logd(N)),
where Fd(N, M) is the time to solve the BCP problem with
N blue and M red points in d dimensions [1].

WSPD-based Methods. Callahan & Kosaraju’s Well-
Separated Pair Decomposition (WSPD) [10] forms the basis
of the most recent EMST algorithms. The WSPD is defined
as a set of pairs of nodes in a space-partitioning tree such
that for each pair of points (p, q), we have p ∈ P, q ∈ Q
for exactly one pair of nodes (P, Q), and the the nodes in
any pair are farther apart than the diameter of either node.
It can be shown that the WSPD has O(N) pairs of nodes,
and that the MST is a subset of the edges formed between
the closest pair of points in each pair of nodes. In [9], the
authors use the WSPD to improve Agarwal and coworker’s
1991 bound to O(Fd(N, N) log N). Their algorithm uses the
WSPD-based nearest neighbor algorithm to compute neigh-
bors of components for Boruvka’s algorithm. The method
identifies a list of pairs in the WSPD, for which bichromatic
closest pair computations are performed to find edges of the
MST. This algorithm is superficially similar to our method,
but only locates neighbors for small components in each
iteration. It also requires bookkeeping and connectedness
queries which are not factored into the analysis, and no ex-
perimental results are shown.

Narasimhan et al. [31] implement a variant of this method,
which they attribute to [9]. In this algorithm, GeoMST,
they compute the BCP for each pair in the WSPD, then
apply Kruskal’s algorithm to the resulting edge set. They
improve this method by postponing and avoiding some BCP
computations and refer to the resulting algorithm as Ge-

oMST2. This method can be successfully applied to point
sets of any dimensionality; however, the constant in the
O(N) size of the WSPD grows exponentially in the dimen-
sion and is often very large in practice. The authors ar-
gue that the algorithm has an expected O(N log N) running
time, but do not prove this rigorously. They also demon-
strate favorable running times on several data sets.

These algorithms are the most sophisticated methods for
the EMST problem in terms of both theoretical analysis and
practical performance. The runtime bound in terms of the
bichromatic closest pairs problem is the tightest available
given optimistic runtimes for bichromatic closest pairs, but
it is incomplete without bounding Fd. Bentley and Fried-
man’s kd-tree-based method and the tree- and WSPD-based
GeoMST2 are the most practically viable algorithms. We
return to these methods in our experimental analysis.

3. PROPERTIES OF THE DATA
We now consider the problem of computing the EMST in

relation to properties of the data. We present three objective
parameters, independent of any algorithm and argue that
these parameters capture difficulties in computing the MST.

Expansion Constant. The expansion constant, due to
Karger and Ruhl [26], bounds the maximum increase in the

density of points as a function of the distance from any point,
and was used in adaptive analysis of nearest neighbors in
previous work [7, 38].

Definition 1. Let S be a set of points in a metric space
(X, d). Let BS(p, r) = {q ∈ S : d(p, q) ≤ r}. Then, the
expansion constant c of S is defined as the smallest c ≥ 2
such that for all p ∈ X and all r > 0

|BS(p, 2r)| ≤ c|BS(p, r)| (1)

While the expansion constant depends only on the pair-
wise distances between points, the MST has a“higher-order”
structure. In other words, the MST depends on distances
between clusters of points in addition to distances between
the individual points. Since the expansion constant does not
capture this structure, we define two new parameters: the
cluster expansion constant and linkage expansion constant.

Boruvka Clustering. We first require a definition of
clusters. Independently of how they are computed, succes-
sive Boruvka steps define a hierarchical clustering of the
data. We can therefore define and use the Boruvka clus-
tering without reference to any method for computing it.

Definition 2. Given a point set S, the Boruvka clustering
at level i, Di, is the clustering obtained from applying a
single Boruvka step to the clustering Di−1. D1 consists of
each point as its own cluster.

Cluster Expansion Constant. Given the Boruvka clus-
tering, we define the new expansion constants. Let Bc

i (q, r)
be the set of all components Cp with a point p ∈ Cp such
that d(q, p) ≤ r. Using this component-wise ball, we define
the cluster expansion constant.

Definition 3. The cluster expansion constant is the small-
est real number cp such that

|Bc
i (q, 2r)| ≤ cp|Bc

i (q, r)| (2)

for all points q ∈ S, distances r > 0, and each level of the
Boruvka clustering Di.

Linkage Expansion Constant. Let C1 and C2 be two
clusters in the Boruvka clustering at level i and let S1 ⊆ C1

and S2 ⊆ C2. Let Bl
i(S1, S2, r) be the set of all pairs (p, q)

such that p ∈ S1, q ∈ S2, and d(p, q) ≤ r.

Definition 4. The linkage expansion constant is the small-
est real number cl such that

|Bl
i(S1, S2, 2r)| ≤ cl|Bl

i(S1, S2, r)| (3)

for all levels of the Boruvka clustering Di, clusters C1 and
C2 at level i, subsets S1 ⊆ C1, S2 ⊆ C2, and distances r > 0.

Intuition for New Parameters. The time to com-
pute the EMST for any algorithm is ultimately governed
by the number of distance computations needed to distin-
guish edges that belong in the MST from those that do not.
If the incorrect edges can be excluded from consideration
with few computations, then it may be possible to compute
the MST efficiently. On the other hand, if there are very
many possible nearest neighbors of a given component, it
may be impossible to avoid computing the distances to all
such neighbors to find the nearest.

One possible case where the correct MST edge may be
difficult to identify is given in Figure 1(a). Since Q is nearly

605



(a) Large expansion
constant.

(b) Large cluster expansion
constant.

(c) Large linkage expansion
constant.

Figure 1: Cases illustrating expansion constants.

equidistant from the points in R, there are many edges with
nearly the same length as the edge in the MST. In this case,
the expansion constant must be at least as large as the num-
ber of points in R.

Figure 1(b) shows an analogous possibility. Here, the
MST must have an edge from the component Q to one of
the components in the ring R. As before, the possible edges
have nearly the same length, and it may be difficult to find
the shortest edge. However, the expansion constant may
still be small relative to the number of points. If Q contains
|R|/c points, then it is possible for the expansion constant
to be bounded by c, even if R has O(N) points. The cluster
expansion constant is large in this case, so it captures this
possible source of difficulty in computing the MST.

Figure 1(c) shows another case where finding the correct
edges of the MST is difficult. There are many possible
nearest neighbor pairs, and therefore many possible near-
est neighbor edges, between Q and R. As in Figure 1(b),
the expansion constant may still be small. Since this set
has only two components, the cluster expansion constant is
small as well. Here, the linkage expansion constant is large,
capturing the difficulty of identifying the MST edge.

As we contended above, the EMST depends on distances
between groups of points as well as the pairwise distances.
We also argued that the expansion constant alone is insuffi-
cient to quantify the amount of computation needed to iden-
tify edges in the MST, thus motivating the need for further
parameters to understand the behavior of any MST algo-
rithm. We now turn to the definition and adaptive analysis
of our new algorithm, DualTreeBoruvka, and show that
the combination of all three types of expansion constant does
contain enough information about the data to obtain a more
precise analysis of the EMST problem.

4. DUAL-TREE BORUVKA ALGORITHM
The running time of Bor̊uvka’s algorithm depends on an

efficient method to find the nearest neighbor pair of each
component. Here, we describe a method to compute all
nearest neighbor pairs simultaneously by amortizing some
computations across different points. This allows us to im-
plement Boruvka’s algorithm more efficiently than previous
methods.

Dual-Tree Algorithms. Dual-tree algorithms are a com-
putational framework that has been applied to many prob-
lems in computational statistics, physics, and machine learn-
ing. These algorithms are the overall fastest known methods
for many problems, including all nearest neighbors [22], ker-
nel density estimation [23], mean shift [47], kernel discrimi-
nant analysis [39], and n-point correlation functions [22, 30].

For concreteness, consider the all nearest neighbors prob-
lem: we are given a query set Q and a reference set R of
points in Euclidean space, each of O(N) size. The goal is to
find, for each point q ∈ Q, the point r ∈ R such that d(q, r)
is minimized. A brute-force solution to this problem con-
sists of two nested “for” loops which compute all pairwise
distances and requires O(N2) time. We can improve on
this algorithm with a space partitioning tree (e.g. a kd-tree)
built on the set of references. For each query, we descend the
tree, expanding reference nodes closer to the query first. We
store the smallest distance d(q, r) found so far at each stage
of the algorithm, which provides an upper bound on the true
nearest neighbor distance. Given this upper bound, we can
prune nodes in the tree that are far enough away to not
contain the true nearest neighbor, thus reducing the total
number of distance computations. This single-tree method,
described in [18], requires roughly O(N log N) time.

A dual-tree method further improves this by constructing
another tree on Q. We consider both a query and reference
node, and expand both. When the upper bounds allow, we
can then prune a distant reference node for an entire node
of queries with a single distance computation. This delivers
tremendous speedups in practice and has been shown to re-
quire O(N) time after tree construction with a cover tree [7].
We extend this idea to efficiently find the nearest neighbor
pair for each component in a spanning forest.

New Algorithm. Our new algorithm, DualTreeBoru-

vka, uses a dual-tree method to find the nearest neighbor
pair for each component. Algorithm 1 gives the description
of the outer loop. The subroutine UpdateTree handles the
propagation of any bounds up and down the tree and resets
the upper bounds d(Cq) to infinity. We also make use of a
disjoint set data structure [45] to store the connected com-
ponents at each stage of the algorithm. Our algorithm is
independent of the particular space partitioning tree used.
In this paper, we present experimental results on two instan-
tiations of the algorithm. Algorithm 2 uses a kd-tree, and
algorithm 3 uses the cover tree[7].

For the remainder of this work, we assume that we are
given a set S of N points in R

d. Furthermore, we make
the standard assumption that all pairwise distances between
points are unique. We make use of the following notation:

• q ∼ r : q and r belong to the same component of the
spanning forest.

• R �� Q: all points in node R are in the same component
as all points in node Q. Similarly, r �� q in a cover tree
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Algorithm 1 Dual-Tree Bor̊uvka (Tree root q)

E = ∅
while |E| < N − 1 do

3: FindComponentNeighbors(q, q, e)
E ← E ∪ e
UpdateTree(q)

6: end while

denotes that all descendants of r are connected to all
descendants of q.

• Cq : the component of the forest containing q

• d(Cq): distance to current nearest neighbor of compo-
nent Cq (initialized to ∞).

• e(Cq): edge from Cq to its candidate nearest neighbor

• d(Q,R): the minimum distance between the bounding
boxes of nodes Q and R

DualTreeBoruvka on a kd-tree. The kd-tree [36] is a
binary space-partitioning tree which maintains a bounding
box for all the points in each node. The root consists of
the entire set. Children are formed recursively by splitting
the parent’s bounding box along the midpoint of its largest
dimension and partitioning the points on either side.

In the kd-tree version of DualTreeBoruvka, each node
Q maintains an upper bound d(Q) = maxq∈Q d(Cq) and
records whether all the points belong to the same component
of the spanning forest. A node where all points belong to the
same component is referred to as fully connected. With these
records, we can prune when the distance between the query
and reference is larger than d(Q) or when all the points in
Q and R belong to the same component.

Theorem 4.1. The FindComponentNeighbors routine
in Algorithm 2 returns the correct nearest neighbor pairs.

Proof. The algorithm can only prune in two ways. If Q
and R are fully connected, then no edges (q, r) with q ∈ Q
and r ∈ R can be nearest neighbor pairs. The distance-based
prune only occurs when for all q ∈ Q, d(Cq) < d(Q,R).
Therefore, all components with points in Q must have a
candidate neighbor closer than any point in R, which again
implies that no edge (q, r) can be a nearest neighbor pair.
So, for each q ∈ Q, the correct Boruvka neighbor r of the
component Cq cannot be pruned and must be found in the
base case.

DualTreeBoruvka on a Cover Tree. A cover tree is
a data structure introduced by Beygelzimer et al. [7] for
practically and theoretically efficient nearest-neighbor com-
putations. In previous work, a proof of linear running time
for the dual-tree all nearest neighbor algorithm used cover
trees [38]. Here, we give a brief overview of the properties
of a cover tree used in this paper.

A cover tree consists of a set of nested sets Ci, each at a
scale i. A node in the cover tree consists of a single point
and links to the node’s children. The root is a single point
at level∞. As we descend the tree, the scale decreases, until
C−∞ contains the entire set of points. For convenience, we
index nodes in the cover tree with the node’s point and use
pi to denote the node indexed by p at level i of the tree.

Algorithm 2 FindComponentNeighbors(kd-tree node
Q, kd-tree node R, Edge set e)

if Q �� R then
return

3: else if d(Q,R) > d(Q) then
return

else if Q and R are leaves then
6: for all q ∈ Q, r ∈ R, r �∼ q do

if d(q, r) < d(Cq) then
d(Cq) = d(q, r), e(Cq) = (q, r)

9: end if
end for
d(Q) = maxq∈Q d(Cq)

12: else
FindComponentNeighbors(Q.left,R.left, e)
FindComponentNeighbors(Q.right,R.left, e)

15: FindComponentNeighbors(Q.left,R.right, e)
FindComponentNeighbors(Q.right,R.right, e)
d(Q) = max{d(Q.left), d(Q.right)}

18: end if

As in [7], we consider two representations of a cover tree.
Conceptually, an algorithm descends from the root C∞ to
the set of all points at level C−∞, touching every level in
between. Each point in level Ci has itself as a child in level
Ci−1 along with any other children. We refer to this idea
of the tree as the implicit representation and make use of it
in the algorithm description and proof. The explicit repre-
sentation allows us to use the cover tree in practice. In the
implicit representation, there are many levels where a node
has only itself as a child. To create the explicit represen-
tation, we combine all such nodes. Therefore, a node is a
single point, and contains pointers to all its children. The
explicit representation has O(N) nodes [7].

A cover tree has the following invariant properties:

1. Nesting: Ci ⊆ Ci−1

2. Covering: For every p ∈ Ci−1, there exists a q ∈ Ci

such that d(p, q) ≤ 2i and exactly one such q is a parent
of p. Note that this implies that if p′ is any descendant
of a point p ∈ Ci, then d(p, p′) ≤ 2i+1.

3. Separation: For all p, q ∈ Ci, d(p, q) > 2i.

The cover tree version of FindComponentNeighbors

(Algorithm 3) follows the all nearest neighbor pseudocode
given in [38]. The reference set Ri contains all points at
level i that may have a nearest neighbor of a descendant of
qj as one of their descendants. Therefore, points are pruned
from Ri−1 in line 12 only when they are too distant to pro-
vide a neighbor. All descendants of qj are within 2j+1 of qj

and all descendants of points in R are within 2i of a point
in R by the covering invariant. Therefore, any point out-
side the bound in line 12 cannot be a nearest neighbor for
descendants of qj .

Theorem 4.2. The FindComponentNeighbors routine
in Algorithm 3 returns the correct nearest neighbor pair.

Proof. For a query qj being considered at level j, the
algorithm must guarantee that it finds the nearest neighbor
pair both for the component Cq and for all components Cq′ ,
where q′ is a descendant of qj . Pruning a fully-connected
node can never delete the true nearest neighbor pair.
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Algorithm 3 FindComponentNeighbors(Cover tree
node qj , Reference Set Ri, Edge set e)

if i = −∞ then
// base case

3: for all q that are descendants of qj and r ∈ Ri with
r �∼ q do

if d(q, r) < d(Cq) then
d(Cq) = d(q, r), e(Cq) = (q, r)

6: end if
end for

else if j < i then
9: // reference descend

R = {r ∈ Children(r′) : r′ ∈ Ri and r ��� qj}

d = min

8><
>:

d(Cq), min
r∈R
r∼qj

{d(qj , r) + 2i}, min
r∈R
r �∼qj

{d(qj , r)}

9>=
>;

12: Ri−1 = {r ∈ R : d(qj , r) ≤ d + 2i + 2j+2}
d(Cq) = d
FindComponentNeighbors(qj, Ri−1, e)

15: else
// query descend
for all pj−1 ∈ Children(qj) do

18: FindComponentNeighbors(pj−1, Ri, e)
end for

end if

We then consider distance-based pruning. As before, we
use the nearest neighbor of the component Cq that the al-
gorithm has seen up to this point in the execution. This
candidate neighbor can be either a previously found nearest
neighbor of another point in Cq (in which case d = d(Cq)),
a point r ∈ R (d = d(qj , r)), or an inferred descendant of a
connected point r (d = d(qj , r) + 2i). If qj ∼ r but qj ��� r,
then r must have a descendant r′ that is not connected to qj .
By the covering invariant, d(qj , r

′) ≤ d(qj , r) + 2i. There-
fore, d is a valid upper bound for Cq . Since the distance
between any point in R and any descendant is bounded by
2i, any ancestor of the true nearest neighbor of qj must be
within d+2i, so the algorithm can never prune the ancestor
of this neighbor.

We must also show that d is a valid bound for any descen-
dant q′ of q. If q and q′ are in the same component, then this
is clearly true, since bounds are shared across components.
Otherwise, q is a candidate neighbor for q′ and d(q, q′) ≤
2j+1. Therefore, we can be sure that d(Cq′) ≤ 2j+1. Let
r′ be the correct neighbor for q′, and let r be the ancestor
of r′ in R. Then, d(qj , r) ≤ d(qj , q

′) + d(q′, r′) + d(r′, r) ≤
2j+1 + 2j+1 + 2i = 2j+2 + 2i. Therefore, the distance prune
cannot remove the neighbor of any descendant of q.

5. RUNTIME ANALYSIS
In this section, we prove our main theoretical result:

Theorem 5.1. For a set S of N points in a metric space
with expansion constant c, cluster expansion constant cp,
and linkage expansion constant cl, the DualTreeBoruvka

algorithm using a cover tree requires

O(max{c6, c2
pc2

l } · c10N log N α(N))

time (where α(N) is defined below).

Proof. Since each Bor̊uvka step reduces the number of
components in the spanning forest by a factor of at least two,
the entire algorithm requires at most log N iterations. The
construction of the cover tree takes O(N log N) time (proved
in [7]) and only needs to be done once as a preprocessing
step. Bookkeeping and cleanup in the tree in between calls
to FindComponentNeighbors requires a single depth-first
traversal, which takes O(N) time.

Adding edges requires at most O(N) Union operations on
the disjoint-set structure, each of which requires O(α(N))

time, with α(N) defined as follows. Let Ak(j) = A
(j+1)
k−1 (j)

and let A0(j) = j + 1. Then, define

α(N) = min {k : Ak(1) ≥ N} (4)

Therefore, in order to complete the proof, we only need to
show that the FindComponentNeighbors subroutine on
a cover tree requires O(N α(N)) time.

We first require two lemmas about cover trees, proven in
[7]. Both lemmas assume the cover tree is built on a set of
N points in a metric space with expansion constant c.

Lemma 5.2. (Width Bound) The number of children of
any node in the cover tree is bounded by c4.

Lemma 5.3. (Depth Bound) The maximum depth in the
tree of any point in the explicit representation is O(c2 log N).

We now apply our adaptive analysis to bounding the run-
time of FindComponentNeighbors.

Theorem 5.4. Under the assumptions of Thm. 5.1, the
FindComponentNeighbors algorithm on a cover tree (Al-
gorithm 3) finds the nearest neighbor of each component in
time bounded by:

O
`
N + c4N + max{c6, c2

pc2
l } ·N α(N)

+ max{c6, c2
pc2

l } · c10 log N α(N)
´

Proof. We show that the amount of work done in each
line of the algorithm during the entire execution is at most
O(maxi |Ri|N α(N)). We complete the proof by showing
maxi |Ri| depends only on c, cp, and cl.

Base Case. The base case (lines 1 through 7) is executed
at most once for each explicit query node. Each base case
requires maxi |Ri| Find operations, each of which requires
O(α(N)) time, so this step takes O(maxi |Ri|·N α(N)) time.

Query Descends. Each query node in the explicit repre-
sentation is expanded at most once (line 18), so this step
requires O(N) time overall.

Reference Descends. On the other hand, a reference node
may be expanded more than once. When a query node is
expanded, its reference cover set Ri needs to be duplicated
for each child of the query. By the width bound, this cre-
ates at most c4 duplications. Therefore, the total number of
reference nodes considered in Line 12 is O(c4N).

At each level, |R| ≤ c4 maxi |Ri|. Since the maximum
depth of a node is O(c2 log N) (depth bound), the num-
ber of nodes considered in Line 14 is O(c6 maxi |Ri| log N).
Considering possible duplication across queries, the total
number of calls to Line 14 is at most O(c10 maxi |Ri| log N).
Computing d in each reference descend involves checking the
connectedness of qj and r, which requires O(α(N)) time, for
a total running time of O(c10 maxi |Ri| log N α(N)).
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Bounding |Ri|. For a given query qj and reference cover
set Ri, we compute the upper bound distance d. Then,
Ri−1 = {r ∈ R : d(qj , r) ≤ d + 2i + 2j+2}. Since j < i in
this part of the algorithm, and since the query and reference
trees are identical, j = i−1. Therefore, B(qj , d+2i+2j+2) =
B(qj , d + 2i+1 + 2i).

Consider two cases: first let d ≤ 2i+2. Then, as in [7],
we bound number of balls of radius 2i−2 that can be packed
into B(qj , d + 2i+1) by:

|B(qj , d + 2i+1 + 2i + 2i−2)|
≤ |B(p, 2(d + 2i+1 + 2i) + 2i−2)|
≤ |B(p, 2i+4)|
≤ c6|B(p, 2i−2)|

Each ball of radius 2i−2 can contain at most one point in
Ci−1 by the separation invariant. Therefore, the number of
points in B(qj , d + 2i+1 + 2i) ∩ Ci−1 ⊆ Ri−1 is at most c6.

Consider the other case where d > 2i+2. Without loss
of generality, assume that we have computed k previous it-
erations. First note that all points within B(qj , d − 2i+1)
must be connected to qj . Otherwise, let q′ be a point in
B(qj , d − 2i+1) that is not connected to qj . Then, q′ has
a grandparent q′′ at level Ci−1 such that d(q′, q′′) ≤ 2i.
Therefore,

d(qj , q
′′) ≤ d(qj , q

′) + d(q′, q′′) < d− 2i+1 + 2i = d− 2i

Therefore, d(qj , q
′′) + 2i < d and qj ��� q′′, which contradicts

the definition of d in line 11.
The number of components that qj may have to search is

bounded by

|Bc
p(qj , d + 2i+1 + 2i)| ≤ |Bc

k(qj , 2d)|
≤ c2

p|Bc
k(qj , d/2)|

≤ c2
p|Bc

k(qj , d− 2i+1)|

As noted above, all points within d−2i+1 of qj are connected
to qj , so the only component in Bc

k(qj , d− 2i+1) is Cq.
We now bound the number of points within a component

that qj may have to consider. Let Cr be a component dis-
tinct from Cq. Let L(qj) denote the set of all leaves that are
descendants of qj . Let d′ = minq∈L(qj),r∈Cr d(q, r). Then,

|Bl
k(Cq ∩ L(qj), Cr, d + 2i+1 + 2i)|
≤ |Bl

k(Cq ∩ L(qj), Cr, 4(d− 2i+1))|
≤ c2

l |Bl
k(Cq ∩ L(qj), Cr, (d− 2i+1)|

≤ c2
l |Bl

k(Cq ∩ L(qj), Cr, d
′)|

By the above argument, there can be at most one pair in
Bl

k(Cq∩L(qj), Cr, d
′). Therefore, there are at most c2

l points
in Cr contained in B(qj , d + 2i+1 + 2i). In the worst case,
each of these points is at level Ci−1 of the tree and must
be considered in Ri−1. There are at most c2

p components
Cr that can contribute points, so the maximum number of
points in Ri−1 is c2

pc2
l .

Combining these cases, we have maxi |Ri| ≤ max{c6, c2
pc2

l }.

Therefore, the running time is:

O
`
N + c4N + max{c6, c2

pc2
l } ·N α(N)

+ max{c6, c2
pc2

l } · c10 log N α(N)
´

which completes the proof.

Theorem 5.4 shows that each call to FindComponent-

Neighbors requires at most O(N α(N) time. By combin-
ing this with the observation above that DualTreeBoru-

vka requires at most log N calls to FindComponentNeigh-

bors, we arrive at the runtime stated in Thm. 5.1, namely

O(N log N α(N)) ≈ O(N log N)

6. IMPLEMENTATION & EXPERIMENTS
Algorithms Implemented. We present results for kd-

tree-based and cover-tree-based DualTreeBoruvka. For
comparsion, we implemented the other fast EMST methods
mentioned in section 2. Specifically, we compare against the
single-fragment EMST algorithm from Bentley and Fried-
man [5], which is an implementation of Prim’s algorithm.
The algorithm uses a single-tree algorithm on a kd-tree to
find the next edge to add at each step. We also show results
for the WSPD-based algorithm GeoMST2 [31], described
above. Finally, we compare against a näıve implementation
of Boruvka’s algorithm in which nearest neighbor pairs are
computed by iterating over all pairs of points.

Datasets. The experiments here are on four datasets:
one synthetic and three sets of astronomy data. The syn-
thetic data are drawn from a mixture of ten evenly weighted
Gaussians placed uniformly at random in the unit cube in
three dimensions. Figure 2(a) compares timing results on
these data. Figure 2(b) shows runtimes on four dimensional
samples of spectral data from the Sloan Digital Sky Sur-
vey. Table 1 has results for two other astronomy datasets:
a 40,000 point, 3,840-dimensional set of color spectra from
the SDSS, and a million point, 3 dimensional set of (x, y, z)
coordinates from a galaxy-formation simulation.

Implementation Details. We implemented all algo-
rithms in the FASTlib C++ library [21]. The code was
compiled with gcc version 4.1.2 with the -O2 flag. All ex-
periments were performed on a 3.0 GHz Intel Xeon processor
with 8GB of RAM running Linux.

Results. We attempted to run all the algorithms on all
the sets of data. However, the näıve experiments were lim-
ited by time, since the brute-force algorithm scales quadrat-
ically. Thus results are missing for the larger sets. The Ge-
oMST2 algorithm is limited by available memory. Although
the WSPD contains O(N) pairs of nodes, the constant factor
can be very large. The constant in the O(N) analysis scales
exponentially with the dimension [10], so the storage bottle-
neck becomes tighter with higher-dimensional data. Missing
timings for GeoMST2 indicate that the available memory
was exceeded. In our experiments, the Bentley-Friedman
algorithm is more efficient than either of these.

In both the synthetic data (Figure 2(a)) and the SDSS
data (Figure 2(b)), DualTreeBoruvka on a kd-tree is the
fastest method, by a factor of 2.8 and 4.6 over the Bentley-
Freidman method, respectively. On both figures, we plot the
slope of the predicted N log N performance, scaled to align
with the timings for our method.
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(a) Three-dimensional data generated from a
mixture of gaussians.
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(b) Four-dimensional SDSS spectra.

Figure 2: EMST computation times on log-log scale.
All timings are in seconds.

N dim DTB kd DTB cover BF [5]
40,000 3840 45825.18 15791.37 45780.43

1,000,000 3 17.39 333.45 42.54

Table 1: Comparison of DualTreeBoruvka and
Bentley-Friedman timings. Timings are in seconds.

Our results also consider dimensionality of the data. In
the three- and four-dimensional data given in figure 2, the
kd-tree based DualTreeBoruvka is fastest. Unlike most
EMST algorithms, our method can also efficiently handle
high-dimensional data, as shown in table 1. For the high-
dimensional SDSS data, the two methods using kd-trees re-
quire roughly the same time. DualTreeBoruvka on a
cover tree, however, is faster by a factor of 2.9.

7. CONCLUSION
We presented a new algorithm for the EMST problem,

DualTreeBoruvka. We also present the first adaptive
analysis of this long-standing problem. Combining these,
we obtain the tightest runtime bound to-date for computing
the EMST - O(N log N α(N)) ≈ O(N log N) - which is sep-
arated from the best lower bound only by the overwhelm-
ingly slowly-growing function α(N) ≈ O(1). We leave for
future work whether our bound is optimal or if a rigorous
O(N log N) algorithm can be shown. Our analysis is also the
first to avoid explicit (and exponential) dependence on the

dimension of the input. We demonstrate the practical utility
of our method for astronomical problems with experiments
on data from the Sloan Digital Sky Survey and simulations
of galaxy formulation. Comparison against algorithms in the
literature shows our method to be the considerably faster on
these sets. These experiments also support our theoretical
analysis and demonstrate the applicability of our algorithm
to both low- and high-dimensional data.
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[14] E. Demaine, A. López-Ortiz, and J. Munro. Adaptive
set intersections, unions, and differences. In SODA,
pages 743–752, 2000.

[15] M. B. Eisen et al. Cluster analysis and display of
genome-wide expression patterns. PNAS,
95(25):14863–14868, 1998.

610



[16] V. Estivill-Castro and D. Wood. A survey of adaptive
sorting algorithms. ACM Comput. Surv.,
24(4):441–476, 1992.

[17] M. Fredman and R. Tarjan. Fibonacci heaps and their
uses in improved network optimization algorithms. J.
ACM, 34(3):596–615, 1987.

[18] J. H. Friedman, J. L. Bentley, and R. A. Finkel. An
Algorithm for Finding Best Matches in Logarithmic
Expected Time. ACM Trans. Math. Softw.,
3(3):209–226, 1977.

[19] H. Gabow et al. Efficient algorithms for finding
minimum spanning trees in undirected and directed
graphs. Combinatorica, 6(2):109–122, 1986.

[20] J. C. Gower and G. J. S. Ross. Minimum spanning
trees and single linkage cluster analysis. Applied
Statistics, 18(1):54–64, 1969.

[21] A. Gray et al. Mlpack, 2008.
http://mloss.org/software/view/152/.

[22] A. Gray and A. W. Moore. N-body problems in
statistical learning. In Advances in Neural Information
Processing Systems 13, 2001.

[23] A. G. Gray and A. W. Moore. Rapid Evaluation of
Multiple Density Models. In The Ninth Conference on
Artificial Intelligence and Statistics, 2003.

[24] M. Held and R. M. Karp. The traveling-salesman
problem and minimum spanning trees. Operations
Research, 18(6):1138–1162, 1970.

[25] D. H. Jones et al. The 6dF Galaxy Survey: samples,
observational techniques and the first data release.
MNRAS, 355:747–763, 2004.

[26] D. R. Karger and M. Ruhl. Finding Nearest Neighbors
in Growth-Restricted Metrics. ACM Symposium on
Theory of Computing, pages 741–750, 2002.

[27] D. G. Kirkpatrick and R. Seidel. The ultimate planar
convex hull alorithm? SIAM J. Comput.,
15(1):287–299, 1986.

[28] J. B. Kruskal. On the shortest spanning subtree of a
graph and the traveling salesman problem. Proc. Am.
Math. Soc., 7:48–50, 1956.

[29] C. Lacey and S. Cole. Merger rates in hierarchical
models of galaxy formation. II- Comparison with
N-body simulations. MNRAS, 271(3):676–692, 1994.

[30] A. Moore et al. Fast Algorithms and Efficient
Statistics: n-point Correlation Functions. In
Proceedings of MPA/MPE/ESO Conference Mining
the Sky, 2000.

[31] G. Narasimhan, M. Zachariasen, and J. Zhu.
Experiments with computing geometric minimum
spanning trees. In Proceedings of ALENEX’00, pages
183–196, 2000.

[32] J. Nesetril. Otakar Boruvka on minimum spanning
tree problem Translation of both the 1926 papers,
comments, history. Discrete Math., 233:3–36, 2001.

[33] O. Nevalainen, J. Ernvall, and J. Katajainen. Finding
minimal spanning trees in a Euclidean coordinate
space. BIT Numerical Mathematics, 21(1):46–54, 1981.

[34] S. Pettie. Finding Minimum Spanning Trees in
O(mα(m, n)) Time. Technical report, University of
Texas at Austin, Austin, TX, USA, 1999.

[35] S. Pettie and V. Ramachandran. An optimal minimum
spanning tree algorithm. J. ACM, 49(1):16–34, 2002.

[36] F. P. Preparata and M. I. Shamos. Computational
Geometry. Springer-Verlag, New York, 1985.

[37] R. C. Prim. Shortest connection networks and some
generalizations. Bell Sys. Tech. J., 36:1389–1401, 1957.

[38] P. Ram et al. Linear time algorithms for pairwise
statistical problems. In Advances in Neural
Information Processing Systems 23, 2009.

[39] R. Riegel, A. Gray, and G. Richards. Massive-Scale
Kernel Discriminant Analysis: Mining for Quasars. In
SIAM International Conference on Data Mining, 2008.

[40] S. Schmeja and R. S. Klessen. Evolving structures of
star-forming clusters. AAP, 449:151–159, 2006.

[41] M. Shamos and D. Hoey. Closest-point problems. In
16th Annual Symposium on Foundations of Computer
Science, pages 151–162, 1975.

[42] S. Shectman et al. The Las Campanas Redshift
Survey. Astrophys. J., 470, 1996.

[43] V. Springel et al. Simulations of the formation,
evolution and clustering of galaxies and quasars.
Nature, 435(7042):629–636, 2005.

[44] S. Subramaniam and S. B. Pope. A mixing model for
turbulent reactive flows based on euclidean minimum
spanning trees. Combust. Flame, 115(4):487–514, 1998.

[45] R. Tarjan. Data Structures and Network Algorithms.
Society for industrial and Applied Mathematics, 1988.

[46] P. J. Wan et al. Minimum-energy broadcast routing in
static ad hoc wireless networks. In IEEE Infocom,
2001.

[47] P. Wang et al. Fast Mean Shift with Accurate and
Stable Convergence. In The Eleventh Workshop on
Artificial Intelligence and Statistics, 2007.

[48] P. Willett. Recent trends in hierarchic document
clustering: a critical review. Inf. Process. Manage.,
24(5):577–597, 1988.

[49] W.-K. Wong and A. Moore. Efficient algorithms for
non-parametric clustering with clutter. In Proceedings
of the 34th Interface Symposium, 2002.

[50] A. Yao. An O(|E| log log |V |) algorithm for finding
minimum spanning trees. Inf. Process. Lett., 4:21–23,
1975.

[51] A. Yao. On constructing minimum spanning trees in
k-dimensional spaces and related problems. SIAM J.
Comput., 11(4):721–736, 1982.

[52] D. York et al. The Sloan Digital Sky Survey: Technical
Summary. Astronomical Journal, 120:1579–1587, 2000.

[53] C. Zahn. Graph-theoretical methods for detecting and
describing gestalt clusters. IEEE Trans. Comput.,
20(1):68–86, 1971.

611



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Academy
    /AgencyFB-Bold
    /AgencyFB-Reg
    /Alba
    /AlbaMatter
    /AlbaSuper
    /Algerian
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeMS
    /BabyKruffy
    /BaskOldFace
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BlackadderITC-Regular
    /BodoniMT
    /BodoniMTBlack
    /BodoniMTBlack-Italic
    /BodoniMT-Bold
    /BodoniMT-BoldItalic
    /BodoniMTCondensed
    /BodoniMTCondensed-Bold
    /BodoniMTCondensed-BoldItalic
    /BodoniMTCondensed-Italic
    /BodoniMT-Italic
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BradleyHandITC
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /CalisMTBol
    /CalistoMT
    /CalistoMT-BoldItalic
    /CalistoMT-Italic
    /Castellar
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chick
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CopperplateGothic-Bold
    /CopperplateGothic-Light
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Croobie
    /CurlzMT
    /EdwardianScriptITC
    /Elephant-Italic
    /Elephant-Regular
    /EngraversMT
    /ErasITC-Bold
    /ErasITC-Demi
    /ErasITC-Light
    /ErasITC-Medium
    /EstrangeloEdessa
    /Fat
    /FelixTitlingMT
    /FootlightMTLight
    /ForteMT
    /FranklinGothic-Book
    /FranklinGothic-BookItalic
    /FranklinGothic-Demi
    /FranklinGothic-DemiCond
    /FranklinGothic-DemiItalic
    /FranklinGothic-Heavy
    /FranklinGothic-HeavyItalic
    /FranklinGothic-Medium
    /FranklinGothic-MediumCond
    /FranklinGothic-MediumItalic
    /FreestyleScript-Regular
    /FrenchScriptMT
    /Freshbot
    /Frosty
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Gigi-Regular
    /GillSansMT
    /GillSansMT-Bold
    /GillSansMT-BoldItalic
    /GillSansMT-Condensed
    /GillSansMT-ExtraCondensedBold
    /GillSansMT-Italic
    /GillSans-UltraBold
    /GillSans-UltraBoldCondensed
    /GlooGun
    /GloucesterMT-ExtraCondensed
    /GoudyOldStyleT-Bold
    /GoudyOldStyleT-Italic
    /GoudyOldStyleT-Regular
    /GoudyStout
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /ImprintMT-Shadow
    /InformalRoman-Regular
    /Jenkinsv20
    /Jenkinsv20Thik
    /Jokerman-Regular
    /Jokewood
    /JuiceITC-Regular
    /Karat
    /Kartika
    /KristenITC-Regular
    /KunstlerScript
    /Latha
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSans-TypewriterBoldOblique
    /LucidaSans-TypewriterOblique
    /LucidaSansUnicode
    /Magneto-Bold
    /MaiandraGD-Regular
    /Mangal-Regular
    /MaturaMTScriptCapitals
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MSOutlook
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /OCRAExtended
    /OldEnglishTextMT
    /Onyx
    /PalaceScriptMT
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Papyrus-Regular
    /Parchment-Regular
    /Perpetua
    /Perpetua-Bold
    /Perpetua-BoldItalic
    /Perpetua-Italic
    /PerpetuaTitlingMT-Bold
    /PerpetuaTitlingMT-Light
    /Playbill
    /Poornut
    /PoorRichard-Regular
    /Porkys
    /PorkysHeavy
    /Pristina-Regular
    /PussycatSassy
    /PussycatSnickers
    /Raavi
    /RageItalic
    /Ravie
    /Rockwell
    /Rockwell-Bold
    /Rockwell-BoldItalic
    /Rockwell-Condensed
    /Rockwell-CondensedBold
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /ScriptMTBold
    /ShowcardGothic-Reg
    /Shruti
    /SnapITC-Regular
    /Square721BT-Roman
    /Stencil
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /TwCenMT-Bold
    /TwCenMT-BoldItalic
    /TwCenMT-Condensed
    /TwCenMT-CondensedBold
    /TwCenMT-CondensedExtraBold
    /TwCenMT-Italic
    /TwCenMT-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Vrinda
    /Webdings
    /WeltronUrban
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


